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1

i=1,2,...a
Yijk=H+Ti+ﬁj+(Tﬁ)ij+€ijk J=L2....b
=1,2,...,n

HypothesisTesting :
] {Ho:rlzrzz---zrazO
H, :atleastonerz; =0
Zl{Ho:ﬁfﬂz:---:ﬂb:o
H, :atleast one g; # 0
H,: (z8), =0, foralli, j
> {Hl :at least one (7 ), # 0
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ta Sheet

Data for a two-factor factorial design

1

Factor B

2

'T\/IJ e b

1 Vit Y112
<o V1in

Yi21 Y122\a)/
ce-sY12a

Yib1 Vib2s
«vs Yibn

2 Y2115 Yzlz,

Y2215 Y2225

Yab1> Ya2b2s

Factor A cer Y21n «esYa2n «ves Yabn
. Ya11> Ya12 Yaz1> Va22s Yab1> Yab2s
"7ya1n "':yaZn ".Vabn
AR o
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ANOVA

fHW

% — Two-Factor Factorial

The analysis of variance table for a two-factor factorial, fixed effects model
Source of Sum of Degrees of
Variation Squares Freedom Mean Square F,
. SS,4 MS,
4 SS. - = =
A Dl a 1 MSA a4 — 1 Fo MSE
SSg MSg
B SSs b—-1 MSg P °= s,
. SS MS
Interaction SSus | (a-Db-1 MS 5 ( 1)(Ab8— 5 = M;:
SS
Error SSe ab(n — 1) MSg= = T
Total SSt abn — 1
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ssp= % % 5 k-2

.Y
SSp = Z an  abn
2

a_ b _2_-
SSsubtotals = Z Zyi o y—

T2 N abn

SSE = SST - SSsublolals

SSAB = SSsubtotals - SSA - SSB
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Adhesion force data

Application Method

Primer Type Dipping Spraying Vi
1 40, 45,43 54,49, 5.6 @ 28.7
2 56,49, 5.4 53, 6.1, 6.3 @ 34.1
3 3.8,3.7,40 @ 55,50, 5.0 @ 270
v, 402 49.6 89.8 = v _
SS a b n , VZ
T e; ,-; k; Vi = abn
= (402 + (452 + -+ (502 = B _ 155,

18
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a 2 2
Yi.. y
SSprimers = Y 2o — Lo
primers & bn abn ,
(28.7)% + (34.1)* + (27.0)>  (89.8)>
= - = 4.58
6 : 18
b 2 2
Yi Y
SS thods = b
method j; an  abn
40.2)% + (49.6)2 9.8)2
_ (40.2)" + (49.6)*  (89.8) — 491
9 18
a b y yz
— ‘1
SSinteraction - Zl 1;1 abn SSpnmers - SSmcthods
2.

( )? 4+ (15.9)% + (11.5)% + (15.9)* + (18.2)% + (15.5)
3

89.82
—(1; — 458 —491 =024

SSE = SST - SSprimers - SSmethod SSmteractxon
= 10.72 — 4.58 — 491 — 0.24 = 0.99

Rz 2 HpPH+ 8 1 1 g fmer

(NIRRT,
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Analysis of variance for Example

Source of Sum of Degrees of Mean
Variation Squares Freedom Square Fy
Application methods - 4.91 1 491 61.38
Interaction . 0.24 2 0.12 1.5
Error 09% 12 0.08
Total 10.72 17
AR

— %% Fo(Primer Types) = 28.63 > Fj g5, 1, = 3.89
Fo(Application Methods) = 61.38 > Fy o541, = 4.75
ST B EARES TG RF L

— & Fo(Interaction) = 1.5 < Fg 55 1, = 3.89 7 #7144t = F]+
T AT EP LB
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Another Exam

THW

ple

Table 5-1 Life (in hours) Data for the Battery Design Example

Temperature (°F)

Material
Type 15 70 125
1 130 155 34 40 20 70
74 180 80 75 82 58
2 150 188 136 122 25 70
159 126 106 115 58 45
3 138 110 174 120 96 104
168 160 150 139 82 60 5
R ZHpPHAF 1 F 1 A g
ANOVA Results
Table 5-5 Analysis of Variance for Battery Life Data
Source of Sum of Degrees of Mean
Variation Squares Freedom Square Fy P-Value
Material types 10,683.72 2 5,341.86 7.91 0.0020
Temperature 39,118.72 2 19,559.36 28.97 0.0001
Interaction 9,613.78 4 2,403.44 3.56 0.0186
Error 18,230.75 27 675.21
Total 77,646.97 35

e Computer Output (Model

Adequacy Checking)

CEERT Y ER ST L




Multiple Comparisons

Y. = 5725  (material type 1)
2, = 119.75  (material type 2)
s - 3y = 14575  (material type 3)
150
w125 |- and
o 100
g Material type 3 MSE
dal peratone | Toss = doas®, 20), /75

Figure 5-9 Material typ p plot for E: le 5-1. = 45 47

pairwise comparisons yield

25
/675 21
0 1|5 7Io 1%5 =3.50 4
Temperature (°F}

Jvs. It 145.75 — 57.25 = 88.50 > Too5 = 45.47
3vs. 2: 145.75 — 119.75 = 26.00 < Tyo5 = 45.47
2vs. 1t 119.75 — 57.25 = 62.50 > Toos5 = 45.47

s AL RS T b L

where we obtained go.05(3, 27) = 3.50 by interpolation in Appendix Table VIIL. The

LTIVLTETTITL U]

Yiu =+ 7+ B+ v+ ('rﬁ)x,
i=
+ (B + €ju \ I{t ===
l =
.
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The ANOVA TABLE

Table 5-12 The Analysis of Variance Table for the Three-Factor Fixed Effects Model

Source of Sum of Mean
Variation Squares Degrees of Freedom Square Expected Mean Square F,
ben D, 72 MS,
A SS, -1 MsS b= gL
A a 4 S O MSg
acn 3, B} MS,
B b—1 MS _ =—
55 ; ARy Fo= s
abn 2, v MSc
C SSc c—1 MSc o+ S F, = S,
cn B); M
AB SSun @-1b-1) MS,z +_E§2_l Fo= Saz
@a-ne-1 MSe
bn 2 3 (M MSc
AC S5, a—1)}c—1 MS o Fo=—7
AC ( )( ) AC (a - 1)(C — 1) 0 MSE
an BY)%
BC 8S5c G-Dc-1 MSsc o _M Fy = MSac
®—-1c -1 MSe
nY 2> BY% MS.5c
ABC SS. @—-NDb-Dc—-1 MS, + =
ane S G R o MS;
Error SSe abc(n — 1) MS: o?
Total SSr abcn — 1
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An Example

Table 5-13  Fill Height Deviation Data for Example 5-3

Operating Pressure (B)

25 psi 30 psi
Line Speed (C) Line Speed (C)
Percent =
Carbonation (A) 200 250 200 250 Yi...
3 HOBEHCOEEHO, 4
oo 3@ 0 .
‘© e 60 O 20
12 1 1 3 5
: ® 1® »
14 4 @ 6 9 (19 11
B X C Totals y j. 6 15 20 34 5=y
Y. 21 54
A X B Totals A X C Totals
e Yik.
Y g (&
| 25 30 A | 200 250
-5 1 10 -5 1
4 16 12 6 14
22 37 - 14 25 34
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Results

Table 5-14 Analysis of Variance for Example 5-3

Sum of Degrees of Mean
Source of Variation Squares Freedom Square F P-Value
Percentage of carbonation (4) 252.750 2 126.375 178.412 <0.0001
Operating pressure (B) 45.375 1 45.375 64.059 <0.0001
Line speed (C) 22.042 1 22.042 31.118 0.0001
AB 5.250 2 2.025 3.706 0.0558
AC 0.583 2 0.292 0.412 0.6713
BC 1.042 1 1.042 1.471 0.2485
ABC 1.083 2 0.542 0.765 0.4867
Error 8.500 12 0.708
Total 3

336.625 2

e Computer Results
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* ki ¥+ » & ¥+ 2 K (+,-) > £ 2K g
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22 Factorial Design

Factor Treatment Replicate
A B Combination I n m Total
- = A low, B low 28 25 27 80
+ = A high, B low 36 32 32 100
- R A low, B high 18 19 23 60
+ + A high, B high 31 30 29 90
b =60 ab =90
High (18 + 19 + 23) (31+30+29)
2pounds)” T
L
34
32
£8
Low _ 4
(Tpound) — (4) g0 a=100
(28 + 25 + 27) (36 + 32 + 32)
1 ]
- +
Low High
(15%) (25%)
Reactant
concentration,
A
Figure 6-1 Treatment combinations in the 22 design.
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The Calculation (I)

rHW,% l

e Effects
@)=

B:%{[ab—a]+[b—(1)]}:%[ab+b—a—(l)]

AB = 2_1n{[ab ~b]-fa-(@)]}=

A:%{[ab—bh[a— %[ab+a—b—(1)]

%[ab+() a—-b]

e Contrast

Contrast, =ab+a—b—(1)
Contrast, =ab+b—a—(1)
Contrast,; =ab+(1)—a—b
Contrast,

= A= ok
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=he Calculation (l1)

"« Sum of Square Errors

[ab+a-b- (@)} (Contrast,)

SS, = —
A 4n n2*
2
Ss, = (Contra:stB)
n2
2
o _ (Contrast, )
A8 n2*

S5, = ZZZ(yijk _y)z =222 Vi

SS. =SS, —SS, —SS, — SS,q

LEE SV ESY EE ST

y2
T

=Fhe AVONA Table

—

Source of  Sum of Degrees of Mean

Variation Squares Freedom Square F, P-Value
A 208.33 1 208.33 53.15 0.0001
B 75.00 1 75.00 19.13 0.0024
AB 8.33 1 8.33 2.13 0.1826
Error 31.34 8 3.92
Total 323.00 11

Table 6-2 Algebraic Signs for Calculating Effects

in the 22 Design

Treatment Factorial Effect
Combination 1 A B AB
¢)) + = - +
a + + I -
b + = + -
ab + + + +
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=Fhe Regression Model

y

e Since the effect of AB is not
significant, the regression model
would be

y:ﬂ0+ﬂlxl+ﬂ2x2+g

= The estimates of these coefficients are

,Bo = y

" Effect

181 — 2 .

" Effectg Why?
IB ) & 5

CEERT RS ER ST L

=Fhe Residuals

i

e Residuals at x,=1 and x, = -1

8.33 —5.00

= 34.165

and

e, = 36 — 34.165 = 1.835
es = 32 — 34.165 = —2.165
e = 32 — 34.165 = —2.165

= Computer Output
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Signs for effects in the 23 design

Factorial Effect
Treatment ,

Combination

-

V’ v
B 4B C AC BC  ABC

—
:b‘(

I
+
!

)
a
b
ab
c
ac

be
abc

Ll + +
|+ + |
|
I+ 1+
Lol
I

bt
o+t
+ +

+

T
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-__-_?d__

e % 73 2. Contrast = 2(Sign) x (Treatment
Combination)

- Contrast, = -(1)+a-b+ab-c+ac-bc+abc
- Contrast; = -(1)-a+b+ab-c-ac+bc+abc
— Contrast,; = (1)-a-b+ab+c-ac-bc+abc

1+ 2_»c* Effect = Contrast/ (n x 2k1)

e

e % 7]+ 2. Sum of Square = (Contrast)? / (n x 2K)
- SS, = {-(1)+a-b+ab-c+ac-bc+abc}? / 8n

CEERT RS ER ST L

Example(10-7) for 22 Design

Surface-finish data for

-—
- b

Design Factors

— A i }i Surface
g Runs A B C Finish Totals
— A

% H 1@ -1 -1 -1 9,7 16
i 2 a 1 -1 —1 10,12 22
_C: 4r 7 3 b -1 1 -1 9, 11 20
: 4 ab 1 1 -1 12, 15 27
& B 5 ¢ -1 =1 1 11, 10 21
6 ac 1 =1 1 10, 13 23
7 bc -1 1 1 10, 8 13
8 abc 1 1 1 16. 14 30
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z%ﬁi Example
C e & H]G 2 gk
\(;i;E’iA=Ilr—l[a+ab+ac+abc—b—c—:bc—(1)]
1
el 1221427423 +30—20—21—18—16]
w2t
=é[271=3‘375
LA B=
% ¥ B= 1625
N7 A = 0875
AB= 1375
AC = 0.125
BC = —0.625
ABC = 1.125

e % ¥]3 2. Sum of Square
- SS, = {-(1)+a-b+ab-c+ac-bc+abc}? /
8n = (27)2 / (8X2) = 45'5625ﬂli2#ﬁﬁ*$1¥1ﬁ$§g%

CEERT Y ER ST L

Analysis of variance for the surface-finish experiment
Source of Sum of Degrees of Mean
Variation Squares Freedom Square F,
A 45.5625 1 455625  18.69%
B 10.5625 1 105625 433
C 3.0625 1 3.0625 1.26
AB 7.5625 1 " 7.5625 3.10
AC 0.0625 1 0.0625 0.03
BC 1.5625 1 1.5625 0.64
ABC - 5.5625 1 5.5625 2.08
Error 19.5000 8 24375
Total 92.9375 15
F;"Cl I/&} = %.46 y
‘ o ¥
X M3




Example for 24 Design

The 2* design for the plasma etch experiment /%n‘)\%‘ :‘? 00
A B C D Etch Rate
Run  (Gap)  (Pressure)  (C,Fq Flow)  (Power) (A/min)
1 -1 -1 -1 -1 550
2 1 -1 —1 -1 669
3 -1 1 -1 -1 604
4 1 -1 -1 -1 650
5 -1 -1 1 -1 633
6 1 -1 1 -1 642
7 -1 a1 1 -1 601
8 1 1 1 -1 635
9 -1 -1 -1 1 1037
10 1 -1 -1 1 749
11 -1 1 -1 1 1052
12 1 1 -1 1 868
13 -1 -1 1 1 1075
14 1 -1 1 1 360
15 -1 1 1 1 1063
16 1 1 1 1 729

CEERT RS ER ST L

DTS PR R T _PEA
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Contrast constants for the 2* design

|
i

Run A B AB C AC BC ABC D AD BD ABD .
11 - = + - + + - - +. o+ - 21
2 a + - - - - 4 + - - 4 + 7
3 b - + - - r - + - + — + i
e T e e
5 ¢ - - + + - - + - + + -

6 ac + - - + + - - - - + +

7 be -+ - + - + - - + - +

8 abe + o+ + + + + + - - - -

9 d - - + - + + - + - - +

10 ad + - - - - + + + + - -

11 bd - + - - + - + + - + -

12 abd + o+ + - - - - + + + +

13 od - = + + - - + + - - +

14 acd + - - + + - - + + - -

15 bed -+ - + - + - + - + ~

16 abed + + + + + + + + + +.

1

CEERT Y ER ST L
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ANOVA % Example

Analysis of variance for the plasma etch experiment

Source of Sum of Degrees of Mean

Variation Squares Freedom Square F,
A 41,310.563 1 41,310.563 20.28 v
B 10.563 1 10.563 <1
C 217.563 1 217.563 <1 \//
D 374,850.063 1 374,850.063 183.99
AB 248.063 1 248.063 <1
AC 2,475.063 1 2,475.063 1.21
AD 94,402.563 1 99,402.563 48.79 Vv
BC 7,700.063 1 7,700.063 3.78
BD 1.563 1 1.563 <1
CD 18.063 1 18.063 <1
Error 10,186.815 5 2,037.363
Total 531,420.938 15
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2K Design with Center Points

)

e B 4Pl MITH 2 5 4
e 7 L3R 2 T it (Balanced Design)

e NZ WA A BF &

SS _ nFnc(yF B yc)
pure quadratic - |
N +N, =
LEEINE Y ER e TTELS
40.0 415
160~ 1 ¢ *
o
© 40.3
'E 40.5
s 155 OF e< 40.7
g 40.2
K 40.6
]
a 39.3 40.9
150 -1 G ]
| I J
=1 0 +1
L ] J
30 35 40

A = Reaction time (min)

Figure 6-35 The 22 design with five center
points for Example 6-6.
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ANOVA#_Example

Table 6-20 Analysis of Variance for Example 6-6

Source of Sum of Degrees of Mean

Variation Squares Freedom Square F, P-Value
A (Time) 2.4025 1 2.4025 55.87 0.0017
B (Temperature) 0.4225 1 0.4225 9.83 0.0350
AB 0.0025 1 0.0025 0.06 0.8185
Pure quadratic 0.0027 1 0.0027 0.06 0.8185
Error 0.1720 4 0.0430
Total 3.0022 8

LEEINE Y ER e TTELS
“m = >
SKFI I R LE

e 22 factorial design with Blocking

Table 7-1 Chemical Process Experiment in Three Blocks

Block 1

(1) =28

a =36

b=18

ab = 31

Block totals: B, =113

Block 2
1) =125
a=32
b=19
ab =130
Bz = 106

Block 3
(D = 27
a=32
b=23
ab =129
B3 = 111
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Fhe ANOVA

Illt

Table 7-2  Analysis of Variance for the Chemical Process Experiment in Three Blocks

=

Sum of Degrees of
Source of Variation Squares Freedom Fo P-Value
Blocks 6.50
A (concentration) 208.33 50.32 0.0004
B (catalyst) 75.00 18.12 0.0053
AB 8.33 2.01 0.2060
Error 24.84
Total 323.00
3 2
B .
SSBlocks = E z -
i=1
- (113)* + (106)*> + (111)? _ (330)° =
B 12 =
= 6.50 =
Mg ihpsi g1 faangns 8
=——— - ==
Lonfounding(}k %)

Illt

e XN FTh (FREF~&&8 -~ 44
* - BREF ZREDTF]FF % o
e Confounding is a design technique

AL 2
g

i) ) /’.1“4'
= B

for arranging a complete factorial

design in blocks, where the block

size Is smaller than the number of
treatment combinations In one

replicate.

e |t causes information about certain

treatment effects (usually high-order
Interactions) to be indistinguishable
from, or confounded with, blocks.

CEERT Y ER ST L




€onfounding in 2 blocks
"« Effect AB confounded with block.

@ = Runin block 1

B
O = Run in block 2
Table 7-3 Table of Plus and Minus Signs for the 2* Design
Treatment Factorial Effect - M +

Combination 1 A B AB {a) Geometric view

(1) + - - *

a ; + ¥ - — Block 1 Block 2

b + = + - a a

ab + + + + ab b

{b) Assignment of the four
runs to two blocks

Figure 7-1 A 22 design in two blocks.

LEE SV ESY EE ST

The 22 Design Confounded(l)

-

Table 7-4 Table of Plus and Minus Signs for the 2* Design

Treatment Factorial Effect

Combination I A B AB c AC BC ABC
1) + - - + - + +
a + Lt = - - N + +
b + = + - e + = +
ab + + + + - = -
¢ + - - + + - - +
ac + + = - + + - -
be + - + ~ + - ¥ -
abc + + + + + + + +

LEE SV ESY EE ST




L_____%e 22 Design Confounded(ll)

Block 1 Block 2

® = Run in block 1

O =Run in block 2 L
ab b
ac ¢
be abe

B
C
A {b) Assighment of the eight

runs to two blocks

Figure 7-2 The 2* design in two blocks with ABC
confounded. .

{a) Geometric view

e The Degrees of Freedom
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