
國立雲林科技大學工業工程與管理所
Graduate school of Industrial Engineering & Management,
National Yunlin University of Science & Technology

系統可靠度實驗室 System Reliability Lab.
http://campusweb.yuntech.edu.tw/~qre/index.htm

A  simple and effective R chart to 
monitor the process variance

：D.R. Prajapati and P.B. Mahapatra
：International Journal of Quality & Reliability Management

Vol. 26 No. 5, 2009 pp. 497-512 
：郭秉裕

：童超塵
 

教授

作 者

出 處

報 告 者

指 導 老 師



系統可靠度實驗室 System Reliability Lab.
國立雲林科技大學工業工程與管理所

Introduction

Proposed R chart

Performance comparisons

Concluding remarks
Keywords: Average run length;  Control charts           

Content

Theory
Design procedure
Simulated performance

Proposed R chart V.S. Chang’s CUSUM chart(with/without FIR)
for various sample sizes(n) 
Proposed R chart V.S. Chang’s chart for sample size of three

CUSUM chart proposed by Chang and Gan(1995)  
Variance(Shewhart) charts proposed by Chang and Gan(2004)



系統可靠度實驗室 System Reliability Lab.
國立雲林科技大學工業工程與管理所

Introduction (1/3)

管制圖為用來監視操作中製程是否處於被預期變異之
內，其製程變異可經由樣本變異數或樣本全距觀察而
得。因此對於監視製程變異程度可加以利用R,S和S2

charts等管制圖。Montgomery(1991)建議對於連續性
製程，應同步針對其製程平均及變異數來加以保持監
視。Ryan(1989)更主張製程產業中，其R chart更應優
於 chart來先探討。X
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Introduction (2/3)

文獻回顧：

Chang and Gan(1995)發展一樣本變異數經由對數
轉換過程log(S2)之CUSUM管制圖，且假設log(S2)
之分配近似常態。對於監視製程變異小偏移之執
行能力方面，具有one-sided或two-sided設計程序
之CUSUM管制圖可得到幾近最佳，且指出若當
製程起始態為管制內，若加入FIR特色之CUMSU
管制圖，其初始值(head start value)設為零，亦較
不易受影響。
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Introduction (3/3)

Chang and Gan(2004)提出對於監視製程變異成份
之Shewhart管制圖，並推導一方程式為其變異成
分樣本統計量之機率分配。認為當假設目標標準
差為1，若偏移至三個製程標準差時，所計算出
ARL將犯下型一誤差機率為0.002。
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Proposed R chart (1/8)

原理：假設製程目標平均與標準差分別為μ0與σ0，
但在任一時間其真實標準差為σ1，管制檢定如下：

Null hypothesis(H0)：μ=μ0 and σ=σ0
Alternative hypothesis(H1)：μ=μ0 and σ≠σ0

由於Shewhart R chart對於製程標準差小偏移之偵測方
面有所受限，故一近似Shewhart R chart，具有警告界
限及管制界限之proposed R chart被提出。
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Proposed R chart (2/8)

模擬執行：Box and Muller(1958)曾建議，若需產生一
具有平均數μ0 = 0及標準差σ0 = 1之X觀察值數列，
則可使用下式：

且Prajapati(2006)利用卡方檢定證實，在99%信心水準
下，其上式所產生之數列符合特定平均術與標準差之
常態分配。

r1與r2為介於0 ~ 1之隨機變數

Am = actual mean of the process

Asd = actual standard deviation of the process
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Proposed R chart (3/8)

設計程序：

1. 基於隨機原理抽取樣本

2. 繪製樣本全距點於R chart上，若有任一點超出上
 管制界限(UCLR )，則對立假設將立即接受。

3. 若任一點座落於上警告界限(UWLR )與上管制界限
 之間，則計算其統計量U。

4. 計算得統計量U，若大於在某顯著水準下，一具
 有自由度n x H之卡方分配特定值U*，則其製程為

 管制外且應立即修正必要行動。
H : history, ie. Number of preceding observations considered for 

calculating statostic, U
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Pr1 (r) = Probability of a point falling beyond control limits  
Pr2 (r) = Probability of a point falling beyond warning limits and within 

control limits  
Pr3 (r) = Probability that statistic, U is greater than U*

Proposed R chart (4/8)

理論：當一製程標準差從σ0增加為σ1(=rσ0)，定義
P(r)為管制外訊號顯示之機率函數，其表示為：
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Proposed R chart (5/8)

Example:
給定條件

Sample size(n) = 4, History(H) = 4, Degrees of freedom(υ) = n x H = 16
Confidence level = 95% , 查表得U* = 26.3, d2 = 2.059, D4 = 2.28
in-control ARL = 500下，L = 3.6, K = 2.4 
計算得

Average sample range( ) = d2 xσ0 = 2.059 x 1 = 2.05
Estimate of standard deviation(σR ) = D4( - 1)/3 = 0.8
Upper control limit on R chart(UCLR ) = + L xσR = 5.22
Upper warning limit on R chart(UWLR ) = + K xσR = 4.17

R
R

R
R
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Proposed R chart (6/8)

U = {[(0.613 - 0.0) / 1.0]2 + [(-1.166 - 0.0) / 1.0]2 + --- + [(0.54 - 0.0) / 1.0]2} 
= 35.994 > 26.3 => out of control

U = {[(-0.570 - 0.0) / 1.0]2 + [(-1.600 - 0.0) / 1.0]2 + --- + [(0.934 - 0.0) / 1.0]2} 
= 16.078 < 26.3 => in control
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Proposed R chart (7/8)
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Proposed R chart (8/8)
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Performance comparisons (1/4)
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Performance comparisons (2/4)
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Performance comparisons (3/4)

Proposed R chart與Chang’s CUSUM charts(with/without FIR)管制
內之誤警率(false alarm rate)相等。

由大多數case觀察得，Proposed R chart對於Chang’sCUSUM
charts(with/without FIR)具有較小ARL。
Chang’s CUSUM chart加入FIR特色其執行能力獲得較小之改善。

由表三與表四之40個case顯示，Proposed R chart與Chang’s 
CUSUM charts (with/without FIR)之ARLs ratio超過1共10個case。
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Performance comparisons (4/4)

Proposed R chart與Chang’s upper-sided Shewhart variance chart管制內
之誤警率(false alarm rate)相等。

由多數製程偏移比觀察得，Proposed R chart對於Chang’s upper-sided 
Shewhart variance chart具有較小ARL。

K= 2.5  L = 3.7
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Concluding remarks 
當製程變異為單一不變偏移時，且對於CUSUM chart
操作或設計上所產生眾多困難之處，可經由一簡單
及準確之proposed R chart計畫來加以簡化，因其管制
圖不需思考眾多參數性質，故適用在單樣本數與單
管制界限中。
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相關文獻：
D.R. Prajapati and P.B. Mahapatra(2008), “A  simple and effective chart to 
process monitoring”, International Journal of Quality & Reliability Management, 
Vol. 25 No. 5, pp. 508-531 

X
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當一製程平均偏移量為δ，定義P(δ)為管制外訊號顯示之機率函數，其

 表示為：

Strategy based on sum 
of Chi-squares; CSQ

Strategy based on average 
of sample means; ASM
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