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1 Introductlon and Ilterature review

m AR E el o 235 7 & 5 fodd Kl
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m Heetal (2002)%% & § el 424k 11 2 GPD
(Generalized Poisson distribution) % s # «07 & .7
e el B i B

m Patel (1973) proposed a Hotelling-type x? chart to
monitor observations from multivariate Binomial or

multivariate Poisson distribution(for time
Independent and dependent samples).
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m Luetal (1998)#% 1—- B 7 = gJ~ﬁ;:r'v’ﬂl\/l-np~"§ ]
Bl > %] & 38R A4 B e A7 R o type
errors= & - B BINpE B > XA pi i
3w~ At IIM-np g ] B PARLE st
A ﬁa xﬁ'rl@'{ o

m However, none of the proposed methods so

far i1s able to monitor multi-attribute high
guality processes(2007).
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2P roc eSs m oni to r lfn{ g"bas ed on

simultaneous CCC and C charts

B Jp ek

Generalized Poisson Distribution (GPD) models

A x—1 _ —8—xi
Px(g,;h}:&m—i_h}xl © ., o ox=012..., 2=0 (1)

x/\fgmmw?(m 1—e™0 - (051~ A BRI 0) -

A > 6 shows the defective rate of the process.
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2.Process monitorin g based on

S|multaneous CCC and C charts
m He .etal (2002) apply two separate control
charts to monitor parameters of a GPD.

m They use a geometric chart (CCC chart) to
monitor parameter 6 and apply a C chart to
control A. In the CCC chart,

In (“CC‘T) In(0.5)
UCLcce = 2 - and
cee In(l —p) cec In(1 — p) an
In (1 — ZecC
LCLccc = 1( ) (2)
n(l —p)

occc - false alarm rate
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2P r0CeSS Mo n‘ i to n g"bas ed on

simultaneous CCC and C charts

m In the C chart, we obtain the control limits by
conditioning :
P(k nonconformities m a product ‘the product 1s defective)=P(X =k |X =0) =
6(6 + kryk-te=0-kr
k!(1—e~?)
This is called zero-truncated generalized Poisson distribution

(EZEH)— MO AR 57 Be)

Var(X) = [H(l T2 = }.)_2](1 —e T 21— F 1 —e )2
(3)

k=12,...

EX)=6(1-n"11=e"!

UCLc = E(X) +3/Var(X), CLc = E(X), and
LCL¢ = E(X) — 3/Var(X) (4)
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transformatlon
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1.The fact that these distributions have skewnesses.
2. The discrete nature of these distributions.
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transformatlon
. - KB AR A B ET U

fg:, g‘{g :
1. adding correction values to the control limits based
on the value of the skewness.

2. applying normalizing transformation

Since using normal data in statistical process control
has many advantages.
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3 The Pro posed N(S rm alizin g S

Transformation
22 ER BT

Box and Cox 1964 |square root

Johnson and Kotz 1969 |inverse SRRUE

Ryan 1989 |arcsin EZEEZE§:

Ryan and Schwertman | 1997  |parabolic mnverse Tj@%%%)i:ﬁ%

Quesenberry 1995  |Q-transformation Q&L
double square root

X1e et al. 2000 |transtormation for Geometric
distribution

Niaki and Abbasi 2007 |rth root transformation
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' 3The'proposed ’norm'allzmg

transformati

10N

m In our first method of finding a proper
transformation, using simulated data we
employ a bisection method (Thisted 2000) to
find the power of the root transformation

for each attri
m [he second

oute.

oroposed method of finding a

proper transformation Is similar to Q-

transformation proposed by Quesenberry

(1995). In this method, which we call the

NORTA Inverse transformation method.
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' 3The'proposed norm'allzmg
transformation

m the vector X by a transformation of a k-
dimensional standard multivariate normal

(MVN) vector s
(¢1(Fx1 (x1)) )
O (Fy,y(x2))
X = : (6)
O (Fy, (x4))
E(xzxj) = {F_l (D(Zi)]F (D(Z;)]}
[ SR 4]
/ f F 1 [D(zi)] F [CD(Z;) @p. (i) (Zi, Zj)dzi dzj (7)
—00 —00
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"3.The proposed normaliz

transformation

zing

Table 1 Covariance matrix and mean ve

ctor before and after transformation in example 1

Before After root After NORTA inverse
transformation transformation transformation
ry =0.2868 r, = 0.7021
X [1000, 2] [6.555,1.508] [0.0201,0.3670]
Cov(X) ( 1065000 52?.95) ( 4.399 D.?lf—lﬁ) (1.{]168 0.3625)
! 527.95 1.9639 0.7146 0.7336 0.3625 (.8192

Table 2 Covariance matrix and mean ve

ctor before and after transformation in example 2

Before transformation After root After NORTA inverse
transformation transformation
ry = 02698, rp, = 0.7056
X [10000, 2] [10.8561,3.0532] [0.0066,0.2380]
Cov(X) (l[]D26D[]G[] —10?8?') ( 10.7162 —1.8228) ( 1.0090 —[].542?)
—10787 5.0786 —1.8228 1.0127 —0.5427 0.9531
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transformatlon

Table 3 A comparison of different transformation methods

Method
X' transformation «ﬁ-"’f X arcsin{X NOERTA
Index inverse
Examplie 1 X Skewness 0.0103 —0.118 1.2089 00214
Kurtosis 2.7947 2.8675 5.5866 3.0085
P value(JTB test) 00014 (0] (0] 06743
Xo Skewness —0.0154 —0.6747 1.4724 0.2337
Kurtosis 2.7960 3.0662 18444 27753
F value (JB test) 00013 (0] (0] 0
Exampie 2 X Skewness —0.0393 —0.1018 1.1537 —0.0538
Kurtosis 2.6917 2.7212 54018 2.9423
P value (JB test) 0 (0] (W] 0.4202
X Skewness 0.0252 —0.424 1.3015 00630
Kurtosis 30348 3.8705 4.3454 2.9046
P wvalue (TB test) 04614 ] ] 00054

First, the skewnesses and the Kurtosises of the transformed
data are always closer to 0 and 3.

Second, in all cases, the p values of the JB test in
the proposed methods are at least better than those of the other

transformation methods.
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y 4I\/Iu|t|' attrlbute con'trol chart based

on transformed data in x2 chart

m x2 and T2 control charts, 4 3 Z_ g * ’&_”5 5
Boende JUp #1RE » 5 23 e Pk ¥ K
B ARG W A ﬁw» g Z IR,

m k27X Patel’'s method (1973)- T2 control charts,
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4 I\/I'u | tlzaatt 1 b u tei c'o ngt ‘ol chart bas ed -
on transformed data in 2 chart

m To avoid this problem, we first eliminate the
skewness of the marginal distributions, and
then estimate the mean vector and the
covariance matrix of the transformed
attributes used in the well knowny? control
chart.
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5.1 Example 3 generate 5,000 observations

Table 5 ARL values for different mean shifts in example 3

Shift— 0.0y 0.5(=a. 0y 0500, a2) (=050 .a2) 0.3 0) 05(0,02)  05(a).02)
Root transformation 21.23  17.52 561 6.98 12.05 11.57 1008
NORTA inverse 20067 1662 813 h.B3 10.86 10.24 0.04
CoC kO 227 2h.24 15.11 14.20 14.67 1645 11.10
shift— (o 0y i, 72) iy oa) L3 U 1L5(0,a9) 1.5(ay.a2)  (2ay.00)
Root transformation 6.49 5.40 5.30 4.41 3.00 328 3.39
NORTA inverse f.46 5.24 5.0 408 304 3.22 3.26
CCCkC 057 R105 357 545 4.43 3.40 4.2
Shift— i(0,202) (207, 202) (Go 0y (0, 3a2) (3ay,3a2) 0.5(—ay,02) (o], —02)
Foot transformation 2177 270 230 1.51 .45 FRIE 237
NORTA inverse 1.92 2.27 240 1.29 1.45 h.69 2.52
CoC kO 2.00 2.42 2.89 1.73 1.59 13.62 231

Geometric probability distribution is p = 0.00015.Poisson distribution
with mean three(1=3). Since the ARL, values are appropriate, we
compare the out-of-control average run length (ARL,) values of the
proposed methods for different shifts. e

z = (0:5_5__1_)'
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5.Numerical examples

Table 6 AIRL values for different mean shifts in example 3

Shift— 0.0y 05— ) 0500, 02) (=050, 02) 0.5 0) O5(0,02) D50, 02)
Root transformation 129820 54568 Ho487 18849 83651 65303 78390
NORTA inverss 129740 526090 A2a4R 19500 51249 HA00E T0169
CCC&C 138720 54249 87253 42459 113680 94010 #1450
Shift— (o) (0,09) (o oa) L3(a ) L5(0,eg) 1.5(m).02)  (2oy.0)
Root transformation 59240 27260 42450 34559 12282 26078 REETY
NORTA inverse 51310 25640 40790 34762 11348 22621 25170
CCC&C 80960 39580 44850 46260 15600 24320 36810
Shift— (0.2m5) (2o, 200) (3o 1) (0, 3a2) (30, 32} OS(—oy.03) (o). —o2)
Root transformation 6140 14180 154060 1730 5720 20740 10290
NORTA inverse 5510 13770 15450 1640 4940 19010 10600
CCC&C 9710 15820 23540 2700 (6230 42590 70290

As we are controlling a high quality process, AIRL (Average Item
Run Length) is also reported for different methods in Table 6.
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5.Numerical examples

5.2 Example 4 generate 10,000 observations

Table T ARL{ values for different mean shifts in example 4

Shift— [—U.ESG’I,D.G] [—D.ESG’I.G’} )] I:—D.ESCI']_, |:|.,CI'3] [—0.2551.0'210'3] [—|:|.5CI'1.|:L )] I:—l:l.S-:rl,Crg.El] I:—I:Ifn:rl, |:I,.:|'3] [—ﬂ.sa'l.ﬂ'g.ﬂ_:.:l I:f.'l'l.l:l, )
Root transformation 18,10 544 88 143 1511 4 T42 287 f.62
NORTA inverse 2066 503 816 312 1607 30 TR .74 6.341
COCEC 13,95 161 1447 147 1223 352 1222 145 T42
shift— i, . Ui 0.0,y (my.m.U) iy, U, o) oo  (opom.ag) e 00 Lile,U) 200, 1, 3)
Root transformation 6,29 T4 574 LNl 16l 306 146 2.4 2.7
NORTA inverse 597 7.20 540 154 1% 2.8 3.36 216 262
CCCEC 561 .38 347 5.24 i3 358 401 13 359
Shift— Nopop ) e Oaz)  2i0em.ey) epopoozd Mep 000 3i0ep. @) 3i00a3)  MNepop Ol 3oy 0.o;)
Foot transformation 243 I35 133 127 143 136 [.58 [31 L13
NORTA inverse 2,20 133 1.30 1.25 23057 1.34 1.35 148 113
CCCEC 209 221 1.6 133 2867 147 1.3 LW 136
Shift— Mopaz)  Mop ooy (—opm 0 ey, —ap.0) i—01.0,73) (op.0,—m) (0—op.m) oy, —o3) (o). —o), —03)
Root transformation 1.03 1.03 307 250 701 5.00 308 446 205
NORTA inverse 103 1.02 387 266 7.55 403 460 456 2.10
COC&C 1.12 1.10 3468 167 12,58 5.08 11.30 472 6.14

Geometric probability distribution is p = 0.005.Poisson distribution
with mean three(1=4 and 5). L 06 —04

=1 06 1 —0.35
—04 —035 1

g%ﬂiﬂﬁﬁﬁ Fri¥ifgi g
L7 3B R % % System Reliability Lab




'5.Numerical examples

Table 8 AIRL values for different mean shifts in example 4

Shift— (—0.25ay, 0.0 (-0.250y, 59, 0) {(—0.230y, 0.3} (=023, 3. 73) (=030 0,0) ( -050y, &9, 1) (=050, 0,03) (050 53, 653) (5,0, 0)
Root transformation 25183 6.3 1067.9 3597 15183 1431 201 6578 189.4
NORTA inverse 28718 5833 1081 4 3076 JBTLA 1407 6 2767 7166 1724
COC&C 17825 288 1847 T4 17825 10671 193 1044.3 187.2
Shift— (0,00 (0,0, a3) (., ) oy, U a3) (Om.m)  dopmam) Ao U0 2illeg, ) 2{0, 0, 03)
Root transformation 996.56 12344 14569 8506 480,08 50225 312 120,74 34109
NORTA inverse 9210 11803 13254 L 443.00 520,48 THIA] 546 31241
COC&C 46,75 1606.4 93235 12659 56042 71219 10121 179.74 33838
Shift— Jopo ) s o) N0epey) Nopmaoni Nep 000 A0ap0p 3000y Nepm.0) 3ioy0.my)
Root transformation 508,25 16347 6.9 8501 51078 614 11157 18960 BTl
NORTA inverse 44757 15145 3162 T4.60 454,106 36,91 10465 17389 1157
COC&C 30791 4476 04,981 16741 668,00 46.64 20121 105,83 145,04
shift— Jileyayl  Mepmury (-opo U (o -s o Uyl o U-mg) (D-ap0) ey, -ay) (). -, —03)
Root Transformation 570 9.3 28R4 38343 TILO6 12004 361 68 464 26092
NORTA inverse 475 B4l 171954 305.28 63354 1147 46,38 f35.84 259.12
COC&C 15.20 LENK: 190,40 19414 1122 1404.9 2096 iR 1463 4

The results of Tables 7 and 8 show that the proposed methods
perform well, especially in situations where there are both
positive and negative shifts around the mean.

YWRZZHRPFHE A Fr i
457 A B R % % System Reliability Lab




“6.Conclusion and recommendations

for future research
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1.Root transformation

2.NORTA Inverse algorithm
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3’&6Co n"c' | u's ion an d Tecommendations
for future research

B AT P B BHREOGF Y TR
L TEe g afd o = 2 2 (Root -
NORTA -~ CCC:C)ARL, & ©

m After the transformation phase, instead of x?

control chart we may want to examine other

multivariate control charting techniques such
as MEWMA and MCUSUM as well.
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