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Figure 1. Control limits for a Shewhart X chart incorporating either the improved two-of-two or improved two-of-three rule.
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Tbde 1
ARL protiles tor the basic Shewhart control chart and that mecorporaong the two-of-tewo and the mmproved tao-of-two mles
based on ARL, = 37037

Shoewhart Two- ot -t wen

Improved two-ol-bao

Two-nf-tao (A

Two-ot-taro (B)

Two-olt-two (L)

Two-ot-bano (1)
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Control lmits

ALy fLCLy LCLy fLCELy OCLy fECEy UCLy fLCELy DCLy fLCLy
= =34 & = =315 & =236 & 7 = 318 &
LCL, fECL, UL f LC LA NCLy f ECLy OCLy fECEA UCLy fECE,

Shift =3 +1.7814 = =1.843 = =1 823 = =181 = =1.792

0 317120 17548 173.22 1731.25 17384 17269

02 311.60 280,52 IR1.48 281.57 IR 24 TR IR

04 204,13 153,98 156,50 155.63 155.78 153.58

0.6 120,22 £1.14 £1.97 £1.39 8081 00,00

0 71.86 4511 45.30 44.90 4477 4465

1 4428 2695 26.40 2640 26.45 2638

1.2 2818 16,99 16.38 16.42 16.51 16.55
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ARL protiles tor the basic Shewhart control chart and that incorporating the two-ot-three and the tmproved two-of-three
rules based on ARLy = 37037

Two Improved Runs Rates for Shewhart X Control Chart

Improved tao-of-threes

Showhart Two-of-three Two-ol<three (A) Two-ol-three (B) Two-ob-three (C) Two-obt-three (D) Two-of-three (E)
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EVALUATING THE PERFORI\/IANCES OF THE
IMPROVED RULES
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APPENDIX A
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In the followmg discussion., a control chart s
viewed as consisting of the hmats shown in Figure 1.
Denote the probability of a single point falling between
LClyand UCL) by r, between UVCLy and UCL> by rs,
between LCLy and LCL> by rp, above UCL> by ragr,
and below LCL> by rap. The values of these probabal-
ties determune the location of the control hmats. The
following absorbing Markov cham with three transient
states and an absorbing state 15 considered:

State {1}: no points bevond any of the control Ihimats

State {2}: a point between UCL;, and UCL->

State {3}: a point between LCL;, and LCL-

State {4}): the absorbing state, when erther a pomnt 1s
beyvond the UCL:/FLCL> limits, or if two succes-
sive pomts fall between UCL;, and UCL, or
between LCL) and LCIL-
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The transition probabllltles of the Markov chaln are given in Table 3.

Tl 7
Tran=smnmion probEabalnties of the mnprosed taro—of-twao rake Toar
MAlarkow chaim with thres tran=sicent states

SmftAabc= AT Ommes F =1
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E ¥ rer o Fr |4 Faps 4 o
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MNagg = 1 + [(rpNia + (rFrerpiNzg +— (e W2y
WNzy = 1 4+ (r}MWyis + (re)iNa, (1)
Ny = 1 + (rpNgy + (roc) Ny
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Fagr = rey — ) ated (rgy — rp — B | Doe o the fact that
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To tlustrate Anding the limits of the improved
two-of-two  rule, consider the following example:
Assume that for a process that follows a normal
distnbution, we set ARLy; = 370.37 and the outer hm-
its, UCLy/LCLy = £3.50. From the standard normal
table, 1t 15 found that a = 0.000233. Substituting the
values of @ and ARL; mnto Eq. (2) and solving for b
gives b = 0.0340043. Finding the mner lmts using a
standard normal table gmves UCL,/LCL; = =1.8230.
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+ Markov chain with seven transient states and an 0.0.c. state.
The states description are

State (OO): has two successive points between DO
.':i_l.'l-l:j. LCLL

State (OU): has a first point between U'CL) and LCF,,
and the second between U'CL, and UDCELs

State (OL): has a first point between U'CLL) and L.CF,,
and the second between O and FLOF -

Mtate (UL): has a first point between 7O and O7C-,
and the second between LCF, and FL.CF .5

State (UO): has a first point between UD'CL) and O'CL-,
and the second between LTy and 75

State (LAO): has a first point between LOF) and L.CF .-,
and the second between L/ and F.C7F

State (LU): has the first pommt between L CF,;, and
FrCr-, and the second between LCFL ) and 59T

State (OOC): the absorbing state, when either a point
1s bevond the U'CL2 /0 C > hhmits, or if two of three
successive points fall between OCTH, and L9C> or
between FfO7F, and 78 -
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The transittion probabilities of the Markov chain are
given 1n Table 4.

The m-control ARL 15 given by the expected value
of the first passage time from the starting state 1 to the
o.0.c. state 5. To obtain the expected first passage
times from each state to the absorbing state, we need
to solve the following linear svstem:

Nig =14 (r)Nig + (re)Nog + (re ) Nag

Nag =14 (r)Nsg + (rp)Nag

Nag = 1 4+ (r)Ngg + (ry)Nqg

Nis = 1 + (r)Nes (3)
Nsg =14 (r)Nig + (re)Nss

Nes = 1 + (r)Nis + (ru ) Nos

Nwg =1+ (r)Nss

<
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Trangition probabilities of the mproved two-of-three rule for Markov chain with seven transient states

States at time {41

Satsattmer  (00)  (OU) L) (UL)y  (UOy  (LO) (LU (00C)
[00} ' Iy I hy 1y
(OL) n ! rpnptn
(OL) r i rnthyth
(UL) ! fprthy Ty
(L0) f I rpthytn
(LO) r I ntnytn
(LU) r et tnptry
(000) 1
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Figure 2. A Mathematica 4.0 program o compute the value of b.

R 2 HfHEF1 i gasr
4 37 1B R 5% % System Reliability Lab.




=/ \—

Similar to the improved two-of-two rule, the additi-
onal constramts are ray =y = a., and ry, = rp = b,
and r+rigp4+rp+rpg+rg=1. Using Mathe-
matica 4.0 to solve the limear svstem m Eq. (3)
with these additional constramts for the m-control

ARL gmive

ARL, =N

—14(2a—3)+(2a—1)b* +25°
228b(14+b)+b2 (22 —h—2)+a(4b> + 2 —3bh—1)]
(4)
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To construct a Shewhart chart based on a desired

in-control ARL value mmcorporating the improved two-

of-three rule, first we need to fix the outer UCL:/LCL>
limats. Then, using a standard normal table, determine
the value of a. Next, find the corresponding value of b
using the “Nsolve™ procedure gmiven in Mathematica 4
(Figure 2).

Input the values of @ and ARLy mto the program
m Figure 2 where ARL,; represents the desired in-
control ARL. Runnming this simple program by press-
mg the “shift™ and “enter”® kevs simultaneously mves
the value of b. Using a standard normal table, the
hmats UCL, /LCL; can be determuned.
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