Transformation of the bathtub failure
rate data in reliability for using
Welbull-model analysis
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" Abstract

B A new model based on the use of data

transformation is presented for modeling
bathtub-shaped hazard rates.

m Parameter estimation methods are studied
for this new (transformation) approach.
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Introduction

m The term transformation appears in

statistical literature in many different
contexts.

m Another area of statistical application is
lifetime data analysis.

m In order to deal with problems indicating
bathtub-shaped failure rates.
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The power tra'n’sformatlon

m A typical set of such data is formalized as
n pairs of i.i.d. r.v. (X,,6), i=12,---,n

1, ifT; < G, (uncensored) (1)

Xi=min(T;, G) and & = l 0, ifG < T;. (censored),

Ti is the lifetime, C; the censoring time and &; the censoring indicator,
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The power transformatlon

m Suppose also that there exists parameter 6 in
the transformation given in (2) such that, the
transformed data (,,s5), i=12,--,» are distributed
according to Weibull (o,a) model.

m \We propose use of transformation g(x,0) given

by g(x,0) = (1 —Ex)' maxix) = 1/8, 8 =0. (2)
y

— . 3

. 146y (3)
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The power transformatlon

The survival function of the original observations corresponding to the transformation g(x, ) is

given by, X\«
5(x) = P(X > x) $() = PX >x)=1-F(x) = exp[—(;) :
— }r i 1
—p Tt > x} ., (substitution for x from (3))
— exp [_ {l ( - )l ] , Ssincey ~ Weibull(e, @), 0 < x < 1/8. (4)
o \1—-8x

The density function, f(x) is then easily obtained by differentiation of 1 — 5(x) and the hazard
function h(x) is given as f(x)/(5(x)). These are given, respectively, by:

N A L 1( I 1 ;
f{x}_;{g(l—ﬂx)l Exp[_[E 1—Ex)|L1—&x}l" (5)

e+l
h{x}:;(Iij) xiz g=0,a=>=0 0<x<1/8. (6]

and
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The power transformatlon

m:} o ( X )':H_I 1 Hazard function shape  Transformation gix)
X) = e e ncreasin o > 1
1—6x x* EE!athtut:u : 0<o =<1
e o 2
log hix) = [cr—|—1}lﬂg(1 _Hx) logx* 4+ C,
d o+ 1 2
— (loghix)) = — —
I:Lt:{ £ X(1—-06x) x - o
, 20% YT T
T ox(1—6x)
il O RO VRS SO oo
ae (05h) A “IJr:II—HJr:}E'

g%l??] ZHRFEHE A Fr 1o pRYy
WA 4 587 £ B F % % System Reliability Lab.



Statl stl Cal mfe

@ Maximum likelihood estimation

Llee, o5, 8) = ]_[ {hiv ) Sovid

[T{2 &)} e (- (%)),

Lla,0.0;x) = HI {E (E)E_I]EJ E]-[p( (':) )L]{E %), | J(0;x,) |= (1_19x)2

o, o,8) = log(L{x, o, 8; X))

:d'ﬂg(j)—F{ﬂ'—ljZﬂ:iﬂg(}r“) Z(}r") —|—Zlngllt6' xi) |,
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m Estimates of Weibull parameters

: j—h
& = exp [E ¥ (1 6655 :n 5’: 4 n.15?24) Icagy:-.n} .

1 b {i—ns) )
) 2 — 1| logy;
0.69313n ; ( m—1) 0gYin

where y1m = VYan = ---Vpn denote the order statistics of a complete sample from a Weibull
distribution.

F{H]_I—SfH}—I—E}[p[ l1(1_fﬁ¢})}]h X < ¢, ¢:9—1

E[&,U.{f}j == dlng(g) + (o — I}Ii:ﬁ,- log (Jg) — .Zﬂ]: ('Li)w + Zr::lug |_[||:-§|:‘-:J-:,-;:,|~

where y; = x/(1 — (x/¢)) and J(d: x:) = 1/(1 — (x/¢))%. & — Xn:n

(10]
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m Lifetimes of 50 devices, Aarset [1]

m The Akaike Information Criteria(AlC)
AIC = -2 x log(maximumlikelihood) + 2 (number of parameters fitted).

The estimated parameters and AlC values for different models for Aarset’s data.

0.1.02.1.1.1,1.1. 2. 3.6, 7,11, 12, 18, 18, 18, 18, 18, 21, 32,36, 40, 45, 4b, 47, 50, 55,
60,63, 63, 67.67.67.67,72,75.79,82 B2 B3, 84 8B4 B4 B5, B5, 85 85, B5. B, Bo.

Estimated parameters

AIC

& = 354.4160, & = 0.3850, & = 0.0116

& = 410.0360, & = 2.2990, i = 1.9727

¢y = 0.5067, 5, = 2137, k; = 5.5

c; = 152.93, s, = 85.2526, k; = 0.5
lh=1288 =009

o = 110.09, £ = 0.8408, & = 0.0141

g =0, b= 30.069, c = 0.0912, d = 0.4996

Transformation model

Generalized Weibull [26]
Additive Burr X1 [36]

Haupt and Schabe [14]
Min Xie et al. [39]
The additive model [20]
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Examples

m Hazard plots of Aarset's Data

Empirical Hazard plot of Aarset Data
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m Inference about the transformation parameter 6
H,:0=0,

-95%CI = (0.01141,0.01163)
~.0¢(0.01141,0.01163)
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Examples

Q0-piot, Original Data.
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Log Welbull Cuantiies

m \Welibull goodness-of-fit test

QQ-plot, Transformed Data.

Log Welbull Quantias

P —value <0.0001
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Examples

m The competing model fits appear in Fig. 3.

Empirical Hazard ph-t of Aarset Data Fitied Tallure rates
S — Transfomation model 3
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Fig. 3. Comparison of the empirical hazard rate and the hazard rates of four model fits for Aarset data.




m \We have presented a data-transformation
approach for analyzing lifetime data with

bathtub-shaped failure rate.

m [he new method serves as a good
alternative for modeling bathtub-shaped
failure rate data.

m THE END THANKS
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