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Traditional Shewhart control charts are usually considered effective for detecting large shifts in process

parameters, but ineffective for detecting small shifts. For detecting small parameter shilts, it is much better
to use exponentially weighted moving average (EWMA) control charts or cumulative sum (CUSUM)
control charts, but these charts are not considered as effective as Shewhart charts for large parameter shifts.
It is frequently recommended that EWMA or CUSUM charts be used in combination with a Shewhart
chart to gain the benefits of both types of charts, so that both small and large shifts can be detected
quickly. Here we consider the problem of process monitoring when a continuous process variable is being
observed and the objective is to detect small or large shifts in either the process mean o or the process
standard deviation o. In this situation it is customary to use a combination of two control charts, one
chart designed to monitor i, and the other designed to monitor . For this situation, the best EWMA or
CUSUM chart for monitoring p is based on sample means, and the best chart for monitoring o is based
on squared deviations from target. An EWMA or CUSUM chart combination based on sample means and
squared deviations from target is very effective for detecting small or large shifts in 2 or 0. We show that
this type of combination is more effective in terms of overall performance than other combinations that
do not include the chart based on squared deviations from target and generally are at least as effective as
any of the combinations that include the Shewhart chart. Thus we conclude that it is not really necessary
to use a Shewhart chart with an EWMA or CUSUM chart to obtain the best overall performance, but it is
necessary to use the EWMA or CUSUM chart based on squared deviations from target.

KEY WORDS: Average time to signal; Monitoring; Process mcan; Process variance; Robust control
chart; Statistical process control; Steady state.

1. INTRODUCTION plication by Blacksell, Glefson, Lunt, and Chamnpood (1994).

In general, the overall performance of the combination of a

Control charts are used to monitor a process to detect special
causes that produce changes in the process output. In traditional
practice, Shewhart charts with “three-sigma” control limits are
usually used. Shewhart control charts are usually considered ef-
fective for detecting large shifts in process parameters, but not
very effective for detecting small or moderate shifts. Exponen-
tially weighted moving average (EWMA) charts and cumula-
tive sum (CUSUM) charts, in contrast, are considered effective
for detecting small and moderate shifts, but not as effective as
Shewhart charts for detecting large shifts.

In an effort to obtain the best features of each type of
control chart, a Shewhart chart can be used in combination
with an EWMA or CUSUM chart. This type of combina-
tion is frequently referred to as adding Shewhart limits to the
EWMA or CUSUM chart and also has been called a com-
bined Shewhart-CUSUM or Shewhart-EWMA scheme. These
control chart combinations have been studied in the statisti-
cal process control (SPC) literature and are frequently recom-
mended for use in practical applications (see, e.g., Lucas 1982;
Klein 1996; Hawkins and Olwell 1998; Ryan 2000; Woodall
2000; Montgomery 2005). For example, the use of a combined
Shewhart-CUSUM scheme in a chemical manufacturing ap-
plication was described by Westgard, Groth, Aronsson, and
de Verdier (1977), and in a nonmanufacturing biomedical ap-

Shewhart chart and an EWMA or CUSUM chart is quite good
compared with the overall performance of the Shewhart chart
alone or the EWMA or CUSUM chart alone.

When the process variable of interest, say X, is continuous, it
is usually assumed that the distribution of this process variable
is normal, and then the effect of a special cause is to change the
process mean o and/or the process standard deviation o. The
standard practice is to use two control charts in combination,
with one chart designed to detect changes in w and the other
designed to detect changes in .

The best EWMA or CUSUM charts for detecting changes
in p are based on sample means, and the best EWMA or
CUSUM charts for detecting changes in o are based on squared
deviations from target. Recent research on combinations of
an EWMA or CUSUM sample-means chart and squared-
deviations chart has shown that such combinations perform ex-
tremely well (see Reynolds and Stoumbos 20044, b). It turns out
that the squared-deviations chart, although designed for detect-
ing shifts in o, is also very effective for detecting large changes
in w. Thus the squared-deviations chart serves essentially the
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same function as the addition of the Shewhart chart, while pro-
viding much better ability to detect shifts in o. The main pur-
pose of this article is to show that the combination of an EWMA
or CUSUM sample-means chart and squared-deviations chart
performs so well that in most cases the addition of Shewhart
limits is not needed for monitoring p and o.

The specific content of this article is an investigation of the
effect of adding a Shewhart chart for  to EWMA charts that
are designed for monitoring both © and o. Numerical results
are not included here for CUSUM charts, because CUSUM and
EWMA charts have very similar behavior (see, e.g., Reynolds
and Stoumbos 2004a), and thus the conclusions obtained here
for EWMA charts carry over directly to CUSUM charts.

2. SAMPLING FROM THE PROCESS

The process is said to be in control when g is at its in-control
or rarget value, 1o, and o is at its in-control value, og. It is as-
sumed that process monitoring will continue over a long period,
and the objective is to detect any special cause that changes w
from 1¢ and/or increases o above og. In some applications, de-
tecting a decrease in ¢ may also be an objective, but here we
focus on the problem of detecting increases in o, because this
will be sufficient to address the issue of the Shewhart limits con-
sidered here. In most applications, oy (and sometimes () must
be estimated during a preliminary phase, and here we assumed
that these in-control parameter values have been estimated ac-
curately enough so that they can be treated as known quantities
for future monitoring.

We consider two types of shifts in ¢ or o produced by spe-
cial causes. The first type of shift, called a sustained shift, is
assumed to persist until it is detected by the control chart and
action is taken to eliminate the special cause. The second type
of shift, a transient shitt, is the result of a special cause that af-
fects the process for only a relatively short period (see Reynolds
and Stoumbos 2004b). Let [ represent the duration of the tran-
sient shift. This means that when the transient shift occurs, the
parameter remains at the shifted value for / time periods, then
returns to the in-control value even if there is no signal by a
control chart. Most of the work in the SPC literature on the
properties of control charts assumes that a shift is a sustained
shift. We also concentrate on sustained shifts here, but also in-
clude some results for transient shifts, because one justification
sometimes given for using Shewhart charts is that they are ef-
fective for detecting transient shifts. It will be convenient to ex-
press the size of shifts in x and o in terms of § = | — wol/00
and ¥ = o /0. We assume that it is desirable to maintain tight
control of the process, so that it is important to detect both small
and large changes in these process parameters.

Suppose that a sample of n > 1 observations is taken from the
process every d time units. Let Xy = (X1, Xx2, . . ., Xkn) repre-
sent the sample available at the kth sampling point, and, when
n> 1, let X; and S% represent the sample mean and variance.
It is assumed that all observations within and between samples
are independent. If n > 1, then it is assumed that the n observa-
tions in the sample are taken at essentially the same time, so the
time between the individual observations in a sample is small
enough to be neglected.
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3. DEFINITIONS OF THE CONTROL CHARTS

The Shewhart X chart for monitoring u signals at sample k
if Xy falls outside of the control limits,
a0

+h
Hodkx

When n = 1, the Shewhart X chart reduces to the Shewhart X
chart.

The EWMA chart for detecting changes in u is based on the
control statistic

Ef =(1 —=NEL [ +2X3, ) U

where A is a smoothing or tuning parameter satisfying 0 <
A < 1, the starting value is EX = Lo, and the control limits are

/ A
+ hgx. | ————09.
12%0) EX n(z_k)ao

The control limits are based on /A/(n(2 — X))op, the asymp-
totic in-control standard deviation of Ekx . The superscript “X”
in EkX is used here to distinguish this EWMA statistic from
other statistics based on S? or X2, as defined later. The EWMA
control chart was originally proposed by Roberts (1959), and
since then, a number of authors have investigated this chart (see,
e.g., Crowder 1987; Lucas and Saccucci 1990; Yashchin 1993).
Herein the EWMA chart based on the statistic EkX is referred
to as the EWMAx chart, and similar notation is used for charts
based on S% and X2.

When n > 1, an EWMA chart for monitoring o can be based
on the sample variance S%. Detecting increases in o is the pri-
mary concern here, so we use a one-sided control chart with
EWMA statistic

B (1= Wimax[E af IAsy - K=1,2,0

where Egz = 002 and the upper control limit (UCL) is

2 :
s o T

Crowder and Hamilton (1992), Gan (1995), and Morais and
Pacheco (2000) investigated EWMA charts based on sample
variances, but they used In S,% instead of S,% in the EWMA.

Control charts based on squared deviations from target have
been investigated from the perspective of using only one control
chart to monitor both & and o (see, e.g., Reynolds and Ghosh
1981; Domangue and Patch 1991; Shamma and Amin 1993).
Here we view such charts primarily as charts for monitoring o
(see also MacGregor and Harris 1993), with the very helpful
property that they also effectively detect large shifts in . Con-
sider a one-sided control chart with EWMA statistic

2
oy +hgs

2 2 L\ (X — o)?
EX = (1 — \) max{EY ; & A 14,
= ymax{E;_, a5 } + Z %

i=1
k=1l 2

where E())(2 = 002 and the UCL is

2 21 2
UO + l’lEXZ mﬁo 5
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Here the superscript/subscript “X%” is used to represent

", (Xii — 110)>. The EWMA,» chart has several important
advantages compared with the EWMA g chart. The EWMA y»
chart has an extra degree of freedom, it can be used when n = 1,
and it plays an important role in detecting large mean shifts
when used in combination with the EWMAy chart. Reynolds
and Stoumbos (2001a, b; 2004a), Stoumbos and Reynolds
(2000), and Stoumbos, Reynolds, and Woodall (2003) recently
investigated the properties of the EWMA > chart used in com-
bination with the EWMAy chart for monitoring 1 and o

Herein we investigate EWMA charts based on n =1 or 4,
and A must be chosen carefully to make the results comparable.
If &, represents the value of A used when the sample size is n,
then we choose A for n =1 and A,, for n > 1, so that the sum
of the weights for a set of n individual observations equals the
weight of a sample mean when samples of n > 1 are taken. This
requires that

I TP o B =LA )

so these equations provide a method for determining A,
from A1, and vice versa, for the EWMA charts considered here.
For example, if n =4 and 14 = .1, then the corresponding value
of A forn=1isA; =1 — (1 — Ag)/* = .02600 (see Reynolds
and Stoumbos 2004a; Reynolds and Kim 2005 for more discus-
sion of this issue). When a combination of two EWMA charts is
used for monitoring p and o, these two charts may not use the
same value of A, so we use A, to represent the A for the EWMA
chart for u and X, to represent the A for the EWMA chart for o
(which can be either the EWMA ¢ chart or the EWMA y2 chart).

Each of the EWMA charts defined here for monitoring
w and o has a CUSUM chart analog. For example, Reynolds
and Stoumbos (2004a, b) have provided definitions of the
CUSUM charts based on sample means and squared deviations
from target.

4. CHART PARAMETER SELECTION AND
PERFORMANCE MEASURES

When comparing control charts in this article, we always use
n/d = 1.0 and refer to the time unit as an hour. The average
time to signal (ATS) of a control chart is defined as the expected
length of time from the start of process monitoring until a sig-
nal is generated. The false-alarm rate used here when compar-
ing control charts corresponds to an in-control ATS of 1,481.6
hours, which is the in-control ATS of the Shewhart X chart,
when n =4, d = 4.0 hours, the observations are normal, and
the control limits are determined using Ax = 3. The conclusions
about the control chart performance that we obtain depend on n,
so we consider n =4 withd =4.0 and n = 1 withd =1.0.

When two or more control charts are used in combination,
the individual in-control ATS values must be above 1,481.6 to
give a joint in-control ATS of 1,481.6. For most of the com-
parisons in this article, the control limits of each chart in a
combination were adjusted so that the charts have equal indi-
vidual in-control ATS values. For example, for the combination
of the EWMAy and EWMA» charts, the control limits of the
charts were adjusted so that each chart has the same individ-
ual in-control ATS (around 2,700) when the observations are
normal. But for the EWMAy and Shewhart X combination, the

individual in-control ATS of the Shewhart X chart was taken
to be f times the individual in-control ATS of the EWMAy
chart, where 8 =1, 5, or 10. The reason for considering g > 1
here is that in applications, the control limit parameter hy of the
Shewhart X chart is sometimes taken to be relatively large when
this chart is used with an EWMA chart (see, e.g., Lucas 1982,
Ryan 2000). Using a large value of /x means that adding the
Shewhart X chart will not have much effect on the false-alarm
rate, and, when n = I, there will not be as much of a negative
effect on the robustness of the combination to nonnormal distri-
butions. Rather than use specific values of /iy for the numerical
results given here, we specify relatively large in-control ATS
values for the Shewhart X chart by specifying the value of 8.

In setting up the comparisons of charts, we selected two
EWMAy charts with n =4 and d = 4.0 as the basic EWMA
reference charts, with one chart having A, = .1 and the other
having A, = .4. The EWMA charts for monitoring o used with
the EWMAx have either A, = .1 or A, = .4. Thus the four
values of (A, X,) that we used are (.1,.1), (.4,.4), (.1,.4),
and (.4, .1).

To make comparisons of the case where n =4 and d = 4.0
with the case where n =1 and d = 1.0, (1) was used to de-
termine that A = .02600 for n = 1 corresponds to A = .l for
n=4%and that A = .11989 for n = I corresponds to A = .4 when
n =4, The value of A = 02600 may seem to be relatively small
compared with what is commonly used in applications, but it
corresponds to A = .1 when n = 4. Moreover, it seems desir-
able to include relatively small values of &, because the addition
of Shewhart limits presumably will be of most help when A is
small.

For sustained shifts, we measured the expected time required
for detection using the steady-state ATS (SSATS), which as-
sumes that the control statistic has reached its steady-state dis-
tribution when the shift occurs and that the point of the shift
within the time interval between two successive samples is dis-
tributed uniformly over the interval. Additional discussion on
the SSATS was given by Reynolds and Stoumbos (2004a).

In most cases, simulation (with 1,000,000 runs) was used to
evaluate the statistical properties of combinations of charts. The
SSATS was simulated by generating 400 initial in-control ob-
servations before the shift was introduced, with any sequence
that generated a false alarm in these 400 initial observations
discarded.

In most applications, the control limits used for control charts
are determined assuming a normal distribution for process ob-
servations, so a relevant performance measure is the robustness
of control charts to deviations from normality. Robustness to
nonnormality of the EWMA chart for monitoring @ was stud-
ied by Borror, Montgomery, and Runger (1999) and Stoumbos
and Sullivan (2002), but these authors did not consider the
more complex robustness problem of simultaneously monitor-
ing 1 and o. Stoumbos and Reynolds (2000) investigated the
robustness of various EWMA chart combinations for monitor-
ing o and o, including EWMA combinations with Shewhart
limits, but did not include several chart combinations that are
of interest here. The most significant effect of nonnormal distri-
butions on the properties of control charts is on the false-alarm
rate, so we investigated the effect of various nonnormal process
distributions on the in-control ATS.
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In evaluating robustness, we considered the Laplace (double-
exponential), f, gamma, and beta distributions. The ¢ distribu-
tion with v degrees of freedom is represented as #(v), where
we used v =4 and 10. The gamma distribution with shape pa-
rameter « and scale parameter 1 is represented as Gam(w, 1),
where we used o = 1 (the exponential distribution), 2, and 4.
The beta distribution with parameters « and 8 is represented
as Beta(w, 8), where we used o = 8 = 3 and 4. Each of the
nonnormal distributions was scaled to give an in-control stan-
dard deviation of op, which was taken to be simply 1.0 in the
simulations.

When there is a transient shift, the SSATS is not a particu-
larly appropriate measure of control chart performance, because
there is sometimes a substantial probability that the control
chart will not signal while the transient shift is present. We mea-
sure control chart performance for transient shifts by the prob-
ability that a signal occurs during the duration [ of the transient
shift or shortly thereafter.

5. CHART COMPARISONS WHEN n=1

The conclusions about adding Shewhart limits are the most
straightforward when n = 1, so we start with this case. Ta-
ble 1 gives SSATS values for various shifts in u or ¢ for 10
charts or combinations of charts, where the EWMA charts have
(Ays ko) = (L02600, .02600) (except for the column labeled 7,
which we explain later). The matched in-control ATS values
given first for the 10 charts are 1,481.6 (or very close to 1,481.6
due to very minor simulation error), corresponding to the case
in which the distribution of the observations is normal. The bot-
tom part of Table 1 gives in-control ATS values for eight non-
normal distributions.

First, consider comparisons based on the SSATS. In Table 1,
comparing column 1 for the Shewhart X chart with column 2
for the EWMAY chart shows that, as expected, the EWMAy
chart is much better than the Shewhart X chart for detecting
small shifts in u, but not as good for detecting large shifts.
Columns 3-5 in Table | are for the combination of the Shewhart
X and EWMAy charts with g8 = 1,5, and 10. When g8 =1,
we see that the combination is almost as good as the EWMAy
chart for detecting small shifts in «, and almost as good as the
Shewhart X chart for detecting large shifts in p. Increasing the
value of 8 improves the performance slightly for small shifts
in u, and hurts the performance slightly for large shifts. We
conclude that the combination of the Shewhart X and EWMAy
charts seems to have the advantages of both individual charts,
providing good detection over the range of shifts in u from
small to large. Thus the widespread recommendation to add
Shewhart limits to an EWMA chart seems to be justified if we
consider only the problem of monitoring j.

It is almost always desirable to monitor ¢ in addition to u,
so it is necessary to evaluate the effectiveness of control chart
combinations for monitoring both p and o. From Table 1, we
see that the combination of the Shewhart X and EWMA x charts
will detect large increases in o, but this combination is not very
effective for detecting small increases in o. For example, the ex-
pected time required to detect a 40% increase in o is 77.3 hours
when 8 = I, and even longer when 8 > 1. Thus, for effective
detection of small increases in o, it is necessary to consider
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combinations of charts that have one chart designed specifically
for detecting increases in o. The best EWMA chart for detect-
ing increases in o is the EWMAy2 chart, so we consider the
EWMAYy and EWMA . chart combination.

Column 6 of Table 1 contains SSATS values for the com-
bination of the EWMAy and EWMA . charts with (A, A5) =
(.02600, .02600). Comparing this column with column 3 for the
EWMAy and Shewhart X combination with § = 1 shows that
the EWMAy and EWMAy» chart combination is a little better
for detecting small and intermediate shifts in x, but not quite as
good for detecting shifts of size § = 4.0 and 5.0.

A Shewhart chart is an EWMA chart with A =1, so the ad-
dition of Shewhart limits to the EWMA chart can be thought
of as a combination of two EWMA charts with 1, = .02600
and A, = 1. The overall effect is that this combination is
tuned to detect slightly larger shifts than the EWMA chart with
Ay =.02600 and smaller shifts than the Shewhart chart (the
EWMA chart with A, = 1). Thus it may be necessary to in-
crease (Ay, A ) for the EWMAy and EWMA > chart combina-
tion to make this combination more comparable to the EWMAy
and Shewhart X combination. Accordingly, (Au,As) was in-
creased to (.05723,.05132) for the EWMAy and EWMA»
chart combination, and the SSATS values are given in column 7.
It does not seem possible to get an extremely close match of
the SSATS profiles for the two combinations of charts, but
comparing the EWMAy and EWMAy» chart combination in
columns 6 and 7 with the EWMAy and Shewhart X chart com-
bination in columns 3-5 demonstrates that the performances
for detecting shifts in w are roughly comparable. However, the
EWMAy and EWMA > combination is much better for detect-
ing small increases in o. Thus we conclude that the EWMAy
and EWMA . chart combination has better overall SSATS per-
formance than the EWMAx and Shewhart X chart combination.

We have concluded that the EWMAy and EWMA,, chart
combination has very good performance, so the logical next
question to consider is whether it is helpful to add the
Shewhart X chart to this combination to make a combination
of three control charts. SSATS values for this three-chart com-
bination are given in columns 8-10 of Table 1. Comparing
columns 8-10 with columns 6 and 7 shows that column 8 is a
reasonably close match to column 7 (except possibly at the very
small shift of § = .25), and that column 10 is a reasonably close
match to column 6. Thus it appears that there is essentially no
gain in overall SSATS performance when the Shewhart X chart
is added to the EWMAx and EWMA 2 combination.

Now consider the effect on robustness of the addition of
a Shewhart X chart to an EWMA chart or combination of
charts. The in-control ATS values for the nonnormal distribu-
tions given at the bottom of Table 1 show that the Shewhart X
chart is not robust, but the EWMA x chart is robust if A is small.
For example, the in-control ATS of the Shewhart X chart when
the observations are #(4) is only 116.3 hours, but the in-control
ATS of the EWMAy chart is 1,265.4, a relatively small drop
from the nominal value of 1,481.6.

‘When the Shewhart X chart is used with the EWMAy chart,
the nonrobustness of the Shewhart X chart carries over to the
combination, resulting in a very nonrobust combination. For
example, the in-control ATS of the Shewhart X and EWMAy
chart combination is only 137.6 hours for the #(4) distribution
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when 8 = 1. This means that when the control limits of the
charts are set up assuming a normal distribution for the process
observations but the actual distribution is £(4), then the false-
alarm rate is 1,481.6/137.6 = 10.8 times higher than expected.
This is clearly unacceptable if it is desirable to have a chart
combination that is robust to nonnormal distributions. Using a
larger value of 8 helps slightly, but the combination is still not
robust. The combination of the EWMAYx and EWMA > is also
not very robust, but this combination is at least as robust as the
combinations that include the Shewhart X chart.

The basic cause of the lack of robustness of the charts in
Table 1 is that charts designed to monitor ¢ for a normal dis-
tribution are not robust. When charts designed to monitor o are
used in combination with charts for monitoring u, the resulting
combinations are not robust. If robustness to nonnormal distri-
butions is important, then the charts used to monitor ¢ must
be modified. Stoumbos and Reynolds (2000) and Reynolds and
Stoumbos (2004a) recommended using an EWMA chart for o
based on absolute deviations from target. Although absolute
deviations from target are not quite as effective as squared de-
viations from target for detecting changes in o when the distri-
bution is normal, absolute deviations are much more robust to
nonnormal distributions.

Table 2 gives SSATS results for the same charts as in Ta-
ble 1, except that the charts in Table 2 are tuned to detect
larger shifts, with (A, As) = (.11989, .11989) [column 7 has
(A ho) = (113110, .13110)]. Looking at columns 2 and 3 in
Tables 1 and 2 shows that adding the Shewhart X chart to the
EWMAYy chart is of less help when A is larger. For example, in
Table | the EWMAy chart has an SSATS of 2.6 when § = 5.0,
and adding the Shewhart X chart reduces the SSATS to .6. In
Table 2 the EWMAy chart has an SSATS of 1.4 when § = 5.0,
so adding the Shewhart X chart and reducing the SSATS to .6
is less impressive in this case.

Comparing different combinations of charts in Table 2, we
obtain conclusions similar to those obtained from Table 1.
In Table 2 the EWMAy and EWMA > chart combination in
columns 6 and 7 has roughly the same performance for de-
tecting shifts in p© as the EWMAy and Shewhart X chart
combination in columns 3-5, but the EWMAY and EWMA .
combination is much better for detecting small increases in o.
Thus the EWMAy and EWMAy. combination seems prefer-
able to the EWMAY and Shewhart X combination. Comparing
columns 8-10 with columns 6 and 7 shows that there is little
to be gained in terms of SSATS from adding the Shewhart X
chart to the EWMAx and EWMA 4 chart combination. In fact,
the SSATS values in column 7 of Table 2 are lower or as low
as those in column 8 for all shifts in u or o, except for the one
case of 6 =4.0.

Comparing the in-control ATS values for nonnormal distrib-
utions in column 2 of Tables 1 and 2, we see that the effect of
increasing the value of A, from .02600 to .11989 is a consid-
erable reduction in the robustness of the EWMA chart. Com-
paring the ATS values for the combinations of charts in Tables
I and 2 shows some decrease in robustness as A, and A, in-
crease, but the decrease is not very substantial because these
combinations are not very robust, even when very small values
of A, and X, are used.

Table 3 gives SSATS values for combinations of charts for
n and o, where one EWMA in the combination is tuned

TECHNOMETRICS, NOVEMBER 2005, VOL. 47, NO. 4

to detect small shifts and the other EWMA chart is tuned
to detect large shifts. In particular, the charts in columns 1,
3, 4, and 5 have (L., As) = (.02600,.11989) [column 2 has
(Ajes o) = (.04840,.13494)], and the charts in columns 6
and 8-10 have (A;,As) = (.11989,.02600) [column 2 has
(Aus o) = (13110, .04265)]. Note that Table 3 does not in-
clude the X chart, the EWMAy chart, or the EWMAy chart and
Shewhart X chart combination, because the relevant ATS and
SSATS results for these charts can be obtained from Table 1
or2.

From columns 1 and 2 of Table 3, we see that tuning the
EWMAy chart for small shifts and the EWMAy. chart for
larger shifts gives a combination that is very effective for detect-
ing a wide range of shifts in u. The EWMAy chart effectively
detects small shifts in u, and the EWMA 2 chart effectively de-
tects large shifts in ;. Comparing the EWMAy and EWMA >
chart combination in column 1 of Table 3 with the correspond-
ing EWMAy and Shewhart X chart combination in column 3 of
Table 1 shows that the EWMAy and EWMA > chart combina-
tion has better (or the same) SSATS performance for all shifts
in 1 and o, and much better performance for small shifts in o.

In Table 3, comparing columns 6 and 7 with columns 1 and 2
shows that tuning the EWMAYy chart for large shifts and the
EWMA . chart for small shifts gives a combination that has
good performance for intermediate shifts in x and small shifts
in o, but performance is not as good for small or large shifts
in u and large shifts in 0.

In general, the SSATS results for the EWMAy and EWMA
chart combination in Tables 1-3 show that the choice
of (A, ) provides considerable flexibility for tuning the com-
bination to detect any particular pattern of shifts in i and o that
may be of interest. The EWMAx and EWMA > chart combina-
tion was set up here with each chart having the same individual
in-control ATS, so another option for providing flexibility is to
allow the two charts to have different individual in-control ATS
values while maintaining the required in-control ATS value for
the combination. We do not discuss this second option here.

Our conclusions for the case of n =1 can be summarized
as follows. Adding Shewhart limits to the EWMAy chart im-
proves overall performance, but even better overall performance
is achieved by using the combination of the EWMAy and
EWMA > charts. Adding the Shewhart X chart to the EWMA
and EWMA > charts to make a three-chart combination does
not seem justified based on statistical performance. The three-
chart combination is more complex and less robust than the
EWMAy and EWMAy. combination, and there is no signifi-
cant gain in the ability to detect shifts in p or o.

Many practitioners are very familiar and comfortable with
Shewhart charts, and may prefer to continue using the X chart
for reasons that do not directly show up in performance mea-
sures such as the SSATS. Our results show that if the Shewhart
X chart is to be used with the EWMAy chart, then the EWMA y»
chart should also be used. All of the combinations with the best
overall performance in Tables 1-3 included the EWMA . chart.
Thus if the objective is to detect both small and large changes in
i or o, then the important chart for improving the performance
of the EWMA chart is the EWMA . chart, and the addition of
the Shewhart X chart should be considered optional, depending
on the user’s preference.
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6. CHART COMPARISONS WHEN n=4

In the case where n = 1, it was possible to get reasonably
close matches of SSATS profiles for the purpose of compar-
ing combinations of control charts, but obtaining close matches
turned out to be more difficult when n = 4. Thus when n =4, it
is sometimes more difficult to say that one chart combination is
better than another.

Table 4 gives ATS and SSATS values for 10 charts or combi-
nations of charts involving EWMA and Shewhart charts when
n=4and (A, As) = (.10,.10). This value of (A, As) for
n =4 corresponds to the value (.02600, .02600) used in Table |
for n = 1. The basic structure of Table 4 is the same as that of
Table 1, except that some of the combinations of charts con-
sidered for n = 4 are different than those considered for n = 1.
As in Table 1, one of the EWMAy and EWMA\» chart combi-
nations in Table 4 has an increased value of (A,, A,) to more
closely match the SSATS profiles of the combinations with the
Shewhart limit. Table 5 has the same charts as Table 4, except
that (A, As) = (.4, .4), corresponding to values of (A, Ay) for
n =1 in Table 2. Similarly, Table 6 has values of (A, A,) cor-
responding to those in Table 3.

Column 1 of Tables 4 and 5 gives SSATS values for the
EWMAy chart, and columns 2 and 3 give SSATS values for
the combination of the Shewhart X and EWMAy charts with
B =1 and 5. The general effect of adding Shewhart limits to
the EWMAx chart when n = 4 is the same as that when n =1,
but there are differences in the size of the shift for which the ef-
fect is most pronounced. When n = 1, adding Shewhart limits
gave a substantial reduction in SSATS for all shifts in & of size
6 > 3.0. In Table 4 we see that with n = 4, the Shewhart limits
are most helpful for 1.5 < § < 4.0, with all of the combinations
having SSATS values close to the minimum value of 2.0 when
8 > 5.0. In Table 5, where A, is large, the effect of adding the
Shewhart limits is relatively small.

When n = 1, the Shewhart X chart is effective for detect-
ing large increases in o, but when n = 4, the Shewhart X chart
cannot be relied on to detect any increase in o. Thus, when
n =4, it is necessary to consider chart combinations with one
chart designed explicitly to detect increases in o. SSATS values
are given in column 4 of Tables 4 and 5 for the EWMAy and
EWMA. chart combination, and in columns 5 and 6 for the
EWMAy, EWMA >, and Shewhart X chart combination with
B =1and 5. Adding Shewhart limits improves performance for
intermediate shifts in . and hurts performance slightly for small
shifts in . Performance is improved slightly for most shifts
in o. We conclude that overall performance is improved by
adding Shewhart limits to this combination. However, adding
Shewhart limits gives a three-chart combination, and we argue
next that this is not the best option.

Columns 7 and 8 in Tables 4 and 5 give SSATS values
for the EWMAyx and EWMA > chart combinations. Compar-
ing column 8 with column 5 shows that the EWMAy and
EWMA 4> chart combination generally has better performance
for shifts in p or o than the three-chart combination of the
Shewhart X, EWMAy, and EWMA charts, except for 6 = .25
and § around 2.0. Even with the increased values of (A, As),
the EWMAY and EWMA > chart combination does not per-
form quite as well as the Shewhart X,EWMAy, and EWMA e
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chart combination around § = 2.0. Unless shifts of this size are
of particular concern, we conclude that the better overall perfor-
mance of the EWMAy and EWMA > two-chart combination
for other shifts in  or o is sufficient to recommend the simpler
two-chart combination over the more complicated three-chart
combination for most applications.

It is worth commenting explicitly on the fact that the
EWMAy and EWMA > chart combination is uniformly better
than (or the same as) the EWMAy and EWMA, chart combi-
nation for detecting shifts in either © or o (compare columns
4 and 7 in Tables 4 and 5). Most work that considers EWMA
charts for monitoring ¢ when n > 1 uses S/% or some function
of Sz, such as In S,%. Our results here show that it is better to
use squared deviations from target instead of S,%A Using squared
deviations from target gives an extra degree of freedom that sig-
nificantly improves the ability to detect increases in o when n is
small. In addition, using squared deviations from target greatly
improves the ability to detect large changes in w.

The last question to consider is whether adding Shewhart
limits to the EWMAy and EWMAy» chart combination will
give a significant improvement in performance. Columns
9 and 10 in Tables 4 and 5 and columns 5, 6, 11, and 12 in Ta-
ble 6 give SSATS values for the combination consisting of the
Shewhart X chart added to the EWMAy and EWMA > chart
combination with 8 =1 and 5. Adding the Shewhart limits
hurts performance slightly for small shifts in u, improves per-
formance for intermediate shifts in p, and hurts performance
slightly for small shifts in o. The choice between the EWMAy
and EWMA > chart combination and the EWMAy, EWMA .,
and Shewhart X chart combination is not clear-cut. However,
our judgment is that the more complicated three-chart combi-
nation does not offer sufficient improvement in overall statisti-
cal performance over the two-chart combination to justify using
the three-chart combination. As in the case of n = 1, if a prac-
titioner desires to use a Shewhart chart because of familiarity,
then the EWMAy, EWMA 2, and Shewhart X chart combina-
tion will provide very good overall performance.

Note that if the Shewhart X chart is used with the EWMAy
chart, it is important to also use the EWMAy> chart in-
stead of the EWMA . chart. From Tables 4-6, we see that
the EWMAy, EWMA,», and Shewhart X chart combination
has uniformly better (or the same) performance than the
EWMAy, EWMAg, and Shewhart X chart combination.

Many practitioners assume that using a sample of size n =4
will give a reasonable level of robustness in control charts. Ex-
amining the in-control ATS values for the nonnormal distribu-
tions at the bottom of Tables 4—6 shows that the only chart that
can be considered robust is the EWMAYy chart used alone. The
EWMAy and Shewhart X chart combination is moderately ro-
bust, but this combination does not satisfy the requirement for
monitoring both 1 and o. We have recommended the EWMAy
and EWMA . chart combination based on SSATS performance
for normal distributions. Although this combination is not ro-
bust, its level of robustness is roughly comparable to the other
combinations that could be used to monitor both u and o. If
robust combinations for monitoring u and o are desired, then
we recommend replacing the chart based on squared deviations
with a chart based on absolute deviations from target, as dis-
cussed earlier.
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When setting up control charts to monitor a process, one
question that arises is whether it is better to take small fre-
quent samples, such as n =1 and d = 1.0, or larger, less
frequent samples, such as n = 4 and d = 4.0. Reynolds and
Stoumbos (20044, b) recently did an extensive investigation of
this issue, and they concluded that the best choice of sample
size n for EWMA or CUSUM chart combinations for moni-
toring ;1 and o is n = 1. The results in Tables 1~3 for n =1
and Tables 4-6 for n = 4 support and extend these conclu-
sions to the control chart combinations with the added Shewhart
limit. In particular, for EWMA chart combinations, » = 1 and
n = 4 give roughly the same performance for small shifts, n =4
is somewhat better for intermediate shifts, but » = 1 is much
better for large shifts. There is little difference in robustness
between the EWMA chart combinations in Tables 1-3 with
n = 1 and the corresponding combinations in Tables 4—-6 with
n=4.

7. TRANSIENT SHIFTS

Table 7 gives the probability of a signal by the control charts
in Table 2 (where n = 1 and d = 1.0) when there is a transient
shift of duration [ = 1.0, 2.0, or 4.0 hours. The signal proba-
bilities are the probabilities of a signal during the time that the
transient shift is present or within four hours afterward.

If the only type of shift that can occur is a transient shift of
very short duration (/ = 1.0 hours), then the best way to moni-
tor the process is to take samples of n =1 every hour and use
only a Shewhart X chart. Looking at the signal probabilities for
I =1 in Table 7 shows that the Shewhart X chart has the high-
est probability of a signal for all shifts in i or o. However, in
most applications it would also be important to detect sustained
shifts or transient shifts of longer duration, so using the X chart
alone is certainly not the best option.

In Table 7, compare the EWMAy and EWMA\» chart com-
bination in columns 6 and 7 with the EWMAy and Shewhart
X chart combination in columns 3-5. For shifts in @ when
[ = 1.0, the EWMAYy and EWMA»> chart combination is not
as good as the EWMAYy and Shewhart X chart combination
when 8 = 1, but is better when 8 > 1. When [ = 2.0 or 4.0,
the EWMAYx and EWMA, chart combination is better for all
values of 8. Adding the Shewhart X chart to the EWMAy and
EWMA . chart combination increases the signal probability a
little when / = 1.0, and decreases the signal probability slightly
when [ = 2.0 or 4.0.

We conclude that the EWMAy and EWMA > chart combi-
nation is not quite as effective as combinations involving the
Shewhart X chart when the duration in the transient shift is very
short ({/ = 1.0), but may be more effective when the duration
is longer. This occurs because the Shewhart X chart uses the
information in only the current observation, and thus is most
effective when [ = 1.0. When / > 1.0, the EWMA . chart ac-
cumulates information over several observations, and thus can
be more effective than the Shewhart chart. Note that if detect-
ing transient shifts is important, then the value of A, used in the
EWMA > chart should not be extremely small.

421

8. WHY IS THE EWMA, . CHART SO EFFECTIVE
FOR DETECTING LARGE MEAN SHIFTS?

When considering the performance of the different combi-
nations of control charts, the question arises as to why the
EWMA . chart, which is designed to detect variance increases,
is so effective for detecting large mean shifts. We will try to
provide some insight into this question. The fact that the sum of
squared deviations from target can be expressed as the sum of
independent chi-squared variables has been used previously in
SPC applications of this statistic (see, e.g., Reynolds and Ghosh
1981), and this result gives

n

Z (Xki — 140)? = (n—1)S82

n n

3 2 2)
¥ [X2(,1— 1,0)+X2(1,n(if—°)>}”—,
o

n

+ (Xp — po)?

=1

where x2(v, n) represents a noncentral chi-squared random
variable with v degrees of freedom and noncentrality parame-
ter n. If o remains constant and p increases, then we see that the
noncentrality parameter of the second chi-squared variable in-
creases as the square of (. — o), (1 — /,Lo)z, so a large change
in o will result in a very large noncentrality parameter.

Consider the specific situation in which pg = 0, op = 1.0,
n =1, and there is an upward mean shift of size § = 4.0. If the
EWMAy chart is used alone with &, =.02600 and UCL .325,
then the in-control ATS will be 1,481.6. If we assume for sim-
plicity that the EWMA statistic is Ef_] = 0 immediately be-
fore the mean shift, then the expected value of Ei( immediately
after the shift will be (1 — 1,)(0) + A, E(Xx) = (.02600) x
(4.0) = .104. Thus, in the first observation after the shift, the ex-
pected value of the EWMA statistic is not close to the UCL, and
quick detection is unlikely. The steady-state probability that the
EWMAy chart detects the shift in one observation is only .02,
and the probability of detection within two observations is .14.
These results are given in column | of Table 8.

Next, consider the EWMA» chart used alone with A, =
.02600, UCL = 1.531, and in-control ATS 1,481.6. Now, af-
ter the mean shift, E(X,%) = (1.04+ p2) = 17.0. If we assume for
simplicity that the EWMA statistic Eﬁl is at the reset value 1.0

immediately before the shift, then the expected value of Ei(z
immediately after the shift will be E(X?) = (.974)(1.0) +
(.026)(17.0) = 1.416, which is close to the UCL. The steady-
state probability that the EWMA 2 chart detects the shift in one
observation is .43, and the probability of detection within two
observations is .91. These results are given in column 2 of Ta-
ble 8. Thus we see that a large mean shift tends to move the
EWMA > chart statistic close to the UCL, and the likelihood is
high that a signal will occur very soon.

Columns 3 and 5 of Table § give results for the EWMAy
chart with &, = .11989 and .50, and columns 4 and 6 give re-
sults for the EWMAy2 chart with A, = .11989 and .50. The
ability of the EWMAy chart to detect the shift improves as
Ay increases, but even with the quite large value of A, = .50,
the EWMAy chart has a lower probability of detecting the shift
within one observation than the EWMA . chart with the lower
value of L, = .11989.
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Table 8. Expected Values of EWMA Statistics After a Shift of § = 4.0, and Steady-State Probabilities of a Signal Within
One and Two Observations After the Shift
EWMAx EWMA 2 EWMAx EWMA .2 EWMAx EWMA y2
Ay =.02600 Ao =.02600 Ay =.11989 Ay =.11989 A =50 N =180 X chart
o of Shift UCL=.325 UCL=1531 UCL=.814 UCL=2.661 UCL=1956 UCL=6.535 UCL=3400
ol Column Column Column Column Column Column Column
e 0 1 2 3 4 5 6 7
(1 = Xp)(0) + A E(X) 104 .480 2.000 4.000
(1 —}\U)(1.0)+)»UE(X5) 1.416 2.918 9.000
P(signal within 1 observation) .02 43 .09 .63 57 {2 Y%
P(signal within 2 observations) 14 91 .64 .97 .98 .96 .93

Column 7 of Table 8 contains results for the Shewhart X
chart, which is equivalent to the EWMAy chart with &, = 1.00
and also to the EWMA,2 chart with A, = 1.00. Note that
among all of the cases considered, the Shewhart X chart has
the highest probability of detection within one observation, but
not for detection within two observations. The EWMA . chart
has a higher probability than the Shewhart X chart of detection
within two observations when A, = .11989, and a probability
almost as high for the very small A, = .02600.

9. CONCLUSIONS AND DISCUSSION

The results presented here show that the widespread rec-
ommendation to add Shewhart limits to the EWMAy chart
does significantly improve the overall performance for detect-
ing shifts in w. However, it is important to monitor both p
and o, and the picture is somewhat different in this case. The
best EWMA chart for monitoring o is the EWMAy» chart.
The EWMA 2 chart serves essentially the same function as the
Shewhart limits for detecting large shifts in w, while providing
better detection of shifts in o. So our answer to the question in
the title—*“Should EWMA and CUSUM Charts Be Used With
Shewhart Limits?”—is that adding Shewhart limits is not essen-
tial for good overall performance, but it is essential to use the
EWMA 2 chart with the EWMA chart. 1f the EWMA . chart
is used with the EWMA x chart, then this two-chart combination
will provide good overall performance in detecting both small
and large shifts in x and o, and the addition of the Shewhart
chart to make a three-chart combination can be considered op-
tional, depending on the user’s preference.

In addition to our main conclusion that the EWMAy. chart
serves essentially the same function as the Shewhart limits, sev-
eral other conclusions follow from the results presented here.
We have shown that when n > 1, the control chart combinations
that include the EWMA . chart are uniformly better for mon-
itoring u and ¢ than combinations that include the EWMA»
chart. Thus the EWMAy» chart should be used instead of the
EWMA g chart for the best performance in detecting shifts.

After a signal by a control chart, it is important to be able
to diagnose the type, size, and time of onset of the process-
parameter shift. In today’s computerized environment, the con-
trol charts used as diagnostic aids do not necessarily have to
be the same control charts used to determine when to signal.
For example, if the EWMAy and EWMA > chart combination
is routinely plotted and used to determine when to signal, then

additional control charts, such as the Shewhart X chart or the
EWMA chart, could be called up after a signal to be used as
diagnostic aids whenever desired.

We have concluded that when the objective is to quickly de-
tect large sustained or transient shifts, it is best to take small,
frequent samples (i.e., use n = | and d = 1.0 rather than n =4
and d = 4.0) and use a chart combination that includes a chart,
such as the Shewhart X chart or the EWMA . chart, that re-
acts quickly to a single extreme observation. But such charts
will necessarily be nonrobust to heavy-tailed distributions; the
quick reaction to extreme observations will produce an increase
in false alarms when the process is in control and the extreme
observations are due only to the heavy-tailed distribution. Thus,
adding the Shewhart X chart and/or the EWMA > chart to the
EWMAYy chart is in direct conflict with the desire to have a
control chart combination that is robust to heavy-tailed distri-
butions. Using a chart based on absolute deviations from tar-
get, as recommended earlier (see Stoumbos and Reynolds 2000;
Reynolds and Stoumbos 2004a), can produce a robust control
chart combination, but such a combination does not react as
quickly to large sustained or transient shifts.

Although the numerical results and discussion here has been
in terms of EWMA charts, the conclusions obtained apply di-
rectly to CUSUM charts. Numerical results for CUSUM chart
combinations for monitoring & and o that include the Shewhart
limits are available from the authors on request. (See also
Reynolds and Stoumbos 2004a for numerical results showing
that CUSUM charts based on sample means and squared devia-
tions from target can be tuned to have very similar performance
to EWMA charts based on sample means and squared devia-
tions from target.)
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